We use the stochastic differential equations (SDE) driven by G-Brownian motion to describe the basic assets (such as stocks) price processes with volatility uncertainty. We give the estimation method of the SDE's parameters. Then, by the nonlinear FeynmanKac formula, we get the partial differential equations satisfied by the derivatives. At last, we give a numerical scheme to solve the nonlinear partial differential equations.
Introduction
The financial asset pricing theory is usually under the framework of a stochastic model: a set of future scenarios (Ω, F) and a probability measure on these outcomes. However, there are many circumstances in financial decision making where the decision-maker or risk manager is not able to attribute a precise probability to future outcomes. This situation has been called "uncertainty" by [1] , to contrast with "risk" when we are able to specify a unique probability measure on future outcomes. Then this kind of uncertainty is called Knight uncertainty, ambiguity, or model uncertainty. In his 1961 thesis, [2] established a distinction between aversion to risk, lack of knowledge of future outcomes, aversion to model uncertainty, and lack of knowledge of their probabilities and showed that aversion to model uncertainty can strongly affect decision-makers' behavior and resolve some paradoxes of classical decision theory, such as the equity premium puzzle (see [3] ) and the home-bias puzzle. More recently, model uncertainty aversion has shown to have important consequences in macroeconomics ( [4, 5] ) and price behavior in capital markets ( [6] [7] [8] ).
The worst case or "maxmin" approach has been proposed for evaluating uncertain outcomes in presence of model uncertainty. And it has been axiomatized by [9] . It proposed a system of axioms under which an agent facing model uncertainty chooses among a set A of feasible alternatives by maximizing a "robust" version of expected utility (also called "maxmin" expected utility), obtained by taking the worst case over all models:
The risk aversion of the decision-maker is captured by the utility function , while the aversion to model uncertainty is captured by taking the infimum over all models in P. The worst-case approach clearly distinguishes model uncertainty from risk: the latter is treated by averaging over scenarios with a given model while the former is treated by taking the infimum over models. The worst case idea has resurfaced in the recent literature on sublinear expectation theory (see S. Peng's series papers) and risk measures ( [10, 11] ). It is proved that there exists a family of linear expectations { } ∈Θ such that a sublinear expectation has the following representation (see [10, 11] ):
Reference [12] introduced -expectation, and [6] proposed to use g-expectation for a robust valuation:
where each probability is absolutely continuous with respect to the "reference measure" 0 . The absolutely continuity with respect to the reference measure implies that the uncertainty only comes from the drift term and thus is called drift uncertainty. Reference [13] proved that, for any contingent claims , the super evaluation of , sup ∈Θ [ ], is a -expectation. And under certain conditions, a consistent expectation dominated by aexpectation can be expressed as a -expectation. Therefore, in the situation of drift uncertainty, finding the generator g is a key step for solving the value E [ | F ]. Once g is reconstructed, we can then apply a rapidly developed analysis and numerical results in the last decade to study and to calculate E [ | F ].
But when the uncertainty comes from the volatility coefficient, the probabilities { } ∈Θ are mutually singular. This type of uncertainty was initially studied by [14] for the superhedging of European type contingent claims whose payoffs depend only on the basic asset's terminal value. In this case the value of the derivatives should satisfy the BSB equations. Reference [15] studied the corresponding discrete-time case. For path-dependence option, [13] and [16] established theoretical frameworks respectively. Reference [13] defined a super evaluation operator which is monotonic, constant preserving, and filtration consistent and satisfies zero-one law. Then [17] [18] [19] introduced a sublinear expectation under which the increments of the canonical process ( ) ≥0 is zeromean, independent, stationary, and G-normally distributed. Under this case, the canonical process is called G-Brownian motion and the corresponding sublinear expectation is called G-expectation. The G-normal distribution random variables have no mean uncertainty but can have variance uncertainty. G-Brownian motion has a very rich and interesting new structure which nontrivially generalizes the classical Brownian motion. Under this framework, [20] numerically studied the pricing of Asian options when the volatility of the underlying asset is uncertain. Reference [16] proved that the value of any bounded contingent claim could be expressed as the supremum of its expectation over some set of martingale measure.
In this paper, we use the stochastic differential equations driven by G-Brownian motion to describe the stock price processes with volatility uncertainty. We give the estimation method of the parameters. Then by the nonlinear FeynmanKac formula, we get the partial differential equations satisfied by the derivatives. We also give the discretization scheme of the corresponding nonlinear partial differential equations. This procedure can be used to pricing derivatives with some kind of path-dependent payoffs and it is practically applicable.
The paper is organized as follows. In Section 2, we use stochastic differential equations driven by G-Brownian motion to describe stock price processes with volatility uncertainty and give the estimation method of the parameters. Section 3 introduces the nonlinear Feynman-Kac formula to price derivatives based on the above stocks. Section 4 gives the discretization scheme of the corresponding nonlinear partial differential equations.
The Stock Price Process and the Estimation of the Parameters
One reality example of model uncertainty is the nonuniqueness of the pricing measures or martingale measures in incomplete markets. While the existence of the so-called "volatility risk" in option trading is a concrete manifestation of market incompleteness. Volatility risk comes from the uncertainty of the volatility. This type of uncertainty was initially studied by [14] . These papers addressed the issue of the derivative pricing and hedging in an uncertain volatility environment and propose that the market operated under the assumption that the volatility of the price is restricted in a bounded set, without other information; i.e., the price paths of the basic asset such as stock are the following Itô processes:
where , are nonanticipative functions with ≤ ≤ , and is the classical Brownian motion. , are constants representing the upper and lower bounds of the volatility.
Motivated by the problem of coherent risk measures under the volatility uncertainty, [17, 19] introduced a sublinear expectation on a well-defined space 1 (Ω) under which the increments of the canonical process ( ) ≥0 are zeromean, independent, and stationary and can be proved to be G-normally distributed (see [18] ). As we have mentioned in previous sections, this type of processes is G-Brownian motion and the corresponding sublinear expectationÊ[⋅] is G-expectation. The G-Brownian motion is ({0} × Σ)-distributed. Σ characterizes the variance uncertainty of .
In this paper, we will use the stochastic differential equation driven by the G-Brownian motion, instead of (3), to characterize the basic asset price process. The volatility uncertainty will be embodied in the variance uncertainty of the G-Brownian motion .
For simplicity, we assume that = 1 and = 1. For the G-Brownian motion, there are two important parameters and . So the first important thing is to estimate and using the market data. Let us assume there is a referenced asset or portfolio in the market. This is true in the real market, for example, the Dow Jones index in America stock markets, the UK FTSE in Europe stock markets, and the Nikkei 225 in Asia stock markets. We assume the price process of the reference asset follows the stochastic differential equation:
where is the expected growth rate of the economy in the market and can be estimated using economic data, so we can take as known constant. If there is no arbitrage, can be replaced by the riskless interest rate (see [14] or [21] 
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Since is known constant, the parameters should be estimated as 2 and 2 . We use historical data to estimate them. Let to be the referenced asset price at the end of time , = 0, 1, . . . , , and +1 − = Δ . Let = ln − ln −1 − Δ , = 1, 2, . . . , ; then
Since ⟨ ⟩ and are processes with independent and identically distributed increments underÊ, +1 d = , = 1, 2, . . . , and +1 is independent from , = 1, 2, . . . , . Then from the new central limit theorem of [22] , we know that (1/ ) ∑ =1 converges in law to the worst case distri-
can take any value inside
This is the new nonlinear Monte-Carlo approach provided by [22] . Therefore, using historical data we can estimate the value of 2 and 2 . Then for any asset in the market, we assume its price process follows the stochastic differential equation:
where , are assumed to be constants. Then
and
Using the above nonlinear Monte-Carlo approach, we can get the estimations of E[ln − ln −Δ ] and −E[−(ln − ln −Δ )]. Solve (11), we can get and . The parameters , determine the coefficients of the partial differential equations satisfied by the derivatives based on this asset.
The Nonlinear Feynman-Kac Formula
As we stated previously, in incompleteness markets the pricing measures or martingale measures are not unique which lead to the uncertainty of the model. One reality example of model uncertainty is the volatility uncertainty. This type of uncertainty was initially studied by [14] . They assume the price paths of the basic assets such as stocks follow the Itô processes (3):
where , are nonanticipative functions with ≤ ≤ , and is the classical Brownian motion. For simplicity, we assume , are constants denoted as , . Then
For every admissible pricing measure ∈ P, the stock price's expected rate of return is always , while the stock price volatility lies in interval , .
In this section, we will use stochastic differential equations driven by G-Brownian motion as the basic assets price processes. We will find that the stochastic differential equations driven by G-Brownian motion include the uncertain volatility model as a special case.
We assume that = 1, = 1, and the stock price process follows the stochastic differential equation:
where ( 
The G-expected rate of return of the stock price (14) (3) and (14) have the same expected rate of return and volatility.
Let us consider a financial contract based on stock price process (14) with terminal payoff Φ( ) and cash-flow ( ) at time during holding period [0, ]. We assume Φ(⋅) and (⋅) are Lipschitz functions.
In financial markets with model uncertainty, the worst case approach is commonly used in asset pricing such as [14, 23, 24] and risk measure such as [10, 11] . The sublinear expectation embodies the idea of worst case. If the buyer or seller of the contract pricing is based on the worst case hedging, the value of this contract will be the ask price: E[Φ( ) + ∫ ( ) ],
the bid price: −E[−Φ( ) − ∫ ( ) ].
We just consider the ask price. The bid price is similar.
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By the nonlinear Feynman-Kac formula of [25] , ( , ) is a viscosity solution of the following PDE:
Taking the riskless interest rate into account, the ask price of the contract will be E[
Correspondingly, ( , ) satisfies the following PDE:
PDE (17) and (19) is a generalization of the BSB equations used in [14] , since we take some kind of path-dependent derivatives into consideration.
Solving the PDE
Let V( , ) = ( − , ); then PDE(17) can be written as
Before proceeding to the discretization scheme, we first consider the boundary conditions of (20) . When = 0, we already have V(0, ) = Φ( ) which is the specified contract payoff at the expiration. If = 0, then we have ,0 ≡ 0, and the equation is reduced to V = (0). As → +∞, we have the Dirichlet condition
where Ψ( , ) can be determined by financial reasoning. For computational purpose, we truncate the asset region (0, +∞) into (0, ), where is sufficiently large to ensure the accuracy of the solution (ref [26] ). Then (21) becomes
Now, let us consider the discretization of (20) . Denote the solution domain = ∪ , where is the interior points and is the boundary points. Let = ( , ),
Then we can write the general form of the PDE in a way that includes boundary conditions
where
= specified boundary conditions.
Define a grid 0 = 0 < 1 < . . . < = and a set of timesteps 0 = 0 < 1 < . . . < = . Let the discretization parameter ℎ be given by max ∈{0,..., −1}
To be simplified, we assume the discretization is even in space and time; i.e., +1 − = △ , = 0, . . . , − 1; +1 − = △ , = 0, . . . , − 1 Let V be the approximate value of the solution; i.e., V ≃ V( , ). Denote the discretization of (
where V 0 is the solution of equation V = (0), with boundary condition V(0, 0) = Φ(0). +1 , ̸ = 0, ; ̸ = 0, can be written as
Let
Then (28) can be written as the following matrix form:
If > 0, then +1 > 0, +1 > 0, +1 < 0, = 1, . . . , , = 0, . . . , − 1. It is clear that − +1 and − △ +1 both are M-matrix. From the property of M-matrix, the solution of (31) exists and is unique.
On the other hand, if < 0, we change the forward differencing term
in the first discretization equation of (26) to backward differencing
Then +1 , ̸ = 0, ; ̸ = 0, can be written as
. . , , = 0, . . . , − 1. The matrix form of the discretization equation is similar to (31) and has unique solution.
It is important to ensure that we generate a numerical solution which is guaranteed to converge to the viscosity solution. It has been shown that HJB equation (20) satisfies the strong comparison property [27] . Therefore, there exists a unique continuous viscosity solution. Then, from [28] , a numerical scheme converges to the viscosity solution if the method is consistent, stable, and monotone. Thus, we will show our numerical scheme satisfies these conditions.
Lemma 1 (stability). e discretization ( ) is stable.
Proof. It follows from (28) that
If ‖V +1 ‖ ∞ = |V +1 |, 0 < < , then when △ → 0, we have
Otherwise,
with V 0 , V being the given Dirichlet boundary conditions.
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Lemma 2 (monotonicity). e discretization ( ) is monotonic.
Proof. The lemma is trivially true on the boundary, so let us just see the case 0 < < and 0 < ≤ . For any > 0,
Since
Lemma 3 (consistency). e discretization ( ) is consistent.
Proof. is continuous, so, at interior points, the upper semicontinuous envelope * and the lower semicontinuous envelope * are all equal to ; i.e., * = * = . For all smooth bounded test functions ( ),
The consistency is also satisfied on the boundary.
Therefore, we have the following.
Theorem 4. e solution of the discretization scheme ( ) converges uniformly to the unique viscosity solution of PDE ( ).
For PDE (19) , using fully implicit timestepping and choosing forward, backward, or central differencing properly, we also can get the discretization equation converging uniformly to their unique viscosity solution.
Conclusion
In recent years, various case studies have indicated the importance of model uncertainty in financial market, even in macroeconomics, and some spectacular failures in risk management of derivatives have emphasized the consequences of neglecting model uncertainty.
Motivated by the problem of coherent risk measures under the volatility uncertainty, [17, 19] introduced GBrownian motion. The increments of G-Brownian motion are zero-mean, independent, and stationary and can be proved to be "G-normally distributed". Although the GBrownian motion in the sublinear expectation space has many properties just like the classical Brownian motion in linear expectation space, the increment of G-Brownian motion has uncertain variance and the quadratic variation process of G-Brownian motion is not a deterministic process unless = . In this paper, we give the estimation approach of the parameters of the stochastic differential equations driven by G-Brownian motion. The parameters determine the coefficients of the partial differential equations satisfied by the derivatives. Then we give a discretization scheme to solve the PDE. This procedure can be used to price derivatives based on basic asset with volatility uncertainty.
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